In this paper we generalize a technique for eliminating the drift from the description of a control system on a matrix Lie group with left-invariant vector fields. A diffeomorphism of the state space together with an affine input transformation are used in order to put the system into an equivalent left-invariant driftfree form. Techniques developed for steering drift-free control systems may then be applied. We apply this method to the Lie group of the rigid rotations SO(3) as in the authors' previous work [6] , and to a new example, the rigid motions SE(3).
Introduction
Matrix Lie groups [l] often play important roles as configuration spaces in the study of mechanics [2, 31. For example, the orientation of a rigid body can be represented by an element of the Lie group SO(3), the space of the orthogonal matrices of determinant 1. The Lie algebra (4, 51 of S 0 ( 3 ) , denoted by so(3), is defined it8 the the set of all 3 x 3 skew-symmetric matrices, with the matrix commutator aa the Lie bracket.
One other Lie group which arises often in the study of robotic systems is the group of the rigid motions SE(3), defined as the subset:
of the space of all 4 x 4 matrices, thus a 6-dimensional manifold. Its Lie algebra se(3), can be identified with the space of all 4x4 matrices of the form se(3) = X E R4x4 : x = [ ] , v E SO(^), U E m3} i again with the matrix commutator as Lie bracket.
Both the examples above are Lie subgroups of GL(n), the set of invertible n x R matrices [l] . The Lie algebra g1(n) associated to the general lineorgroup GL(n), being the tangent space of G L ( n ) at the identity, can be identified with the space of all n x n matrices with, once again, the matrix commutator as Lie bracket. We consider, in general, kinematic systems on matrix Lie groups which have left-invarient vector fields. We write their general form aa follows: m g = g X o t g C x i u i 7 (1) i=l where g E G, G being the pdimensional Lie subgroup of GL(n) generated by the Lie algebra D d=d Span(X1,. . . , X,,,}, i.e. the There is a great deal of literature concerning the path planning problem, that is steering a drift-free control system from a given initial state to a given final state in an assigned time. In this paper we present a technique for eliminating the drift from the description of the system so that we may apply this existing literature. We will show that, by using a diffeomorphism of the state space together with an affine input transformation it is possible, under relatively weak conditions, to put the system into an equivalent left-invariant drift-free form. The generation of open-loop strategies that solve the steering problem for drift-free systems can then proceed.
We consider first the particular case of SO(3) and derive the structure of both the state and the input transformations that put the system in drift-free form by using some specific and well-known properties of the considered group, as in the previous work of the authors [6] . After this introductory Section, we generalize this technique to the case of GL(n) by means of 
where X1 and X Z are linearly independent. It may be veri-
, therefore the drift-free system (2) is controllable by Chow's theorem [8] . The skewsymmetric matrices' X O , XI and Xz correspond to the vectors bo, bl, bz E R3 respectively, that is, Xi = (bix), i = 0,1,2.
Proposition 1 Given a system of the form (2), it is always possible to find an input tramformation of the form In other words, the state diffeomorphism g, = g exp(-Xot) exactly compensates for the drift by making the moving frame rotate around bo. The time-varying input transformation (3) takes into accnunt the fact that the inputs are attached to the body while the moving frame is not, as shown in Figure 1 .
Notice that the state space diffeomorphism gr = gexp(-Xot) is exactly the same as that used by Brockett to prove a controllability theorem [7] which is valid for systems defined on Lie groups that are generated by mme commutative Lie subalgebras of gl(n).
Proposition (1) may be proven in a constructive way.
Proof:
Without loss of generality, we assume 60 to be orthogonal t o both bl and bz. In fact, if had a non zero component on the space spanned by bl and bz, we could eliminate it by means of a linear combination of constant inputs. It is not restrictive, in addition, to assume that 61. and bz are orthogonal and have unit norm, as this can be achieved by means of a linear input transformation of the inputs u1 and uz. Finally, denoting llboll by w , we assume that the orientation of the vectors bo, bl and b2 is such that bo x b1 = w b , wbl x bz = bo and bz x = abl.
This may require that we relabel the inputs.
From gr = gap(-Xot) we can write g = grexp(Xot), whose derivative is
We want to find a new pair of inputs ( V I , V Z ) such that
The two inputs v1 and vz that solve the problem can be determined by using equation (6) in equation ( 5 ) to obtain:
We recall that, given any rotation matrix g E SO(3) and any skew symmetric matrix (ax) E so(3), we have g(bx)g-1 = (gbx), therefore equation (7) becomes
c= ( Z -X~-s i n w t + X 2 -( l -c o s w f )
where I is the identity matrix. Similarly we have c~= b~s i n w t + b z c o s w t .
Equation (8) thus becomes
It is now clear that, by setting we obtain system (2).
0

Drift elimination from left-invariant control systems on GL(n)
The above procedure for eliminating the drift from the d e scription of a left-invariant control system defined on SO(3) can be generalized to the case of the Lie group GL(n) even though the tools involved in its derivation are valid only on
SO(3).
One important technique in Section 2 is that, given any (bx) E so(3) and any g E S0(3), we have g(bx)g-' = (gbx).
This fact can be generalized to GL(n) by using the adjoint representation of Lie groups.
Drift elimination using a time-varying input transformation
Theorem 1 Let us consider the left-invariant system m B = g X o t g C X i u ; ,
i=l where g belongs to the p-dimensional Lie subgroup G of GL(n), genemted by B *f Span{ XI, . . . , Xm} .
Then, given a diffeomorphism of the state space of the form there ezists an input transformation of the form gr = ge-XOt , The proof of Theorem 1 will be given in a constructive way. We will, in fact, show how to compute the time-varying input transformation matrix B(t). Along the proof we will also show that the hypothesis on span{Xm+l,. . . , X,} can be replaced by a time-varying input constraint.
Proof:
As a first step we differentiate g = g, .xp(Xot), to obtain which can be expressed in matrix form as follows
where E d=6 [uI,. . .,u,,O,. . .,0lT E I R P and A ( t ) is a p x p matrix whose elements are given by Aij(t). Condition (21) can be split in two parts, the former being
where A'(t) E RmXp is the matrix given by the first m columns of A ( t ) , while the latter condition can be written as B E KerA"(t) . 
Drift elimination using an affine input transformation
The condition on span{X,,,+1,, . . . , X,} in Theorem 1 can be made less restrictive by using an afine input fmnsformation rather than a time-varying input transformation of the form (13). Such conditions are not restrictive as they can be easily achieved through linear combination of the inputs.
Theorem 2 Let us com8ider the left-inuariont system
If we use an affine input transformation of the form (26), where the constants are chosen as U1 = -< Xo,X, > and U2 = -< X 0 , X z >, we essentially orthogonalize the action of the drift with respect of the input generators. In fact we obtain a system of the form (31), which satisfies the following conditions If, for example, XO = X3, we obtain gr = g(I -Xot) and B(t) = I. In this case, in fact, XO can be easily canceled by adding appropriate constants to the inputs. On the other hand, if XO = x6, then we have again gr = g ( I -xot) but 4 
Conclusion
In this paper we proposed a technique for eliminating the drift term from the description of a left-invariant control system on the general matrix Lie group GL(n). We have shown that, by using a diffeomorphism of the state space together with an affine input transformation, it is possible to put the system in an equivalent left-invariant drift-free form. We have determined the conditions under which this method is applicable and expressed in a closed form both the state and the input transformation that lead to the desired result. Examples of application of the above method have been developed for the Lie groups of the rigid rotations SO(3) and of the rigid motions SE(3).
